Ejiri's torus in S 5 is the first example of Willmore surface which is not conformally equivalent to any minimal surface in any space forms. Li and Vrancken classified all Willmore surfaces of tensor product in S n by reducing them into elastic curves in S 3 , and the Ejiri torus appeared as a special example. In this paper, we first prove that among all Willmore tori of tensor product, the Willmore functional of the Ejiri torus in S 5 attains the minimum 2π 2 √ 3. Then we show that all Willmore tori of tensor product are unstable when the co-dimension is big enough. We also show that the Ejiri torus is unstable in S 5 . Moreover, similar to Li and Vrancken, we classify all constrained Willmore surfaces of tensor product by reducing them with elastic curves in S 3 . All constrained Willmore tori obtained this way are also shown to be unstable when the co-dimension is big enough.
Introduction
For a surface x : M → S n with mean curvature H and Gauss curvature K, the Willmore functional can be defined as
Here 1 is the curvature of S n . Since Willmore [27] introduced this functional and his famous conjecture, it has played an important role in the study of global differential geometry and many new insights and methods have been developed for the proof of Willmore conjecture, see for example [19, 20, 21] and reference therein. The Willmore conjecture states that it attains the minimum of Willmore functional among all tori in S 3 , which has been shown to be true in [20, 21] recently. As a consequence, this shows that Clifford torus is a stable Willmore torus in S 3 . Examples of Willmore surfaces, the critical surfaces of Willmore functional, provide also many interesting objects in geometry. Minimal surfaces in space forms give important special examples of Willmore surfaces [26, 9] . In [8] , Ejiri gave the first example of Willmore surface in S 5 , which is not conformally equivalent to any minimal surface in any space forms. Later, in [25] Pinkall provided the first examples of Willmore tori in S 3 which are different from minimal surfaces in space forms by the famous Hopf map and elastic curves. Using tensor product of curves in spheres, in [18] , Li and Vrancken derived many new examples of Willmore tori, including Ejiri's example as a special case.
In this paper, we show that the Ejiri torus can be viewed as the torus having lowest Willmore functional among all Willmore tori of tensor product. To be concrete, by a simple observation, we prove that for all Willmore tori of tensor product, the Willmore functional W (y) ≥ 2π 2 √ 3, with the equality holding if and only the torus is the Ejiri torus (Theorem 3.3). This result also indicates that Ejiri torus is stable in the set of tori of tensor product in S 5 .
The Clifford torus is the first and the only known stable Willmore torus in S 3 [26] (See also [11] , [24] ). It is an interesting question that whether Clifford torus is the only stable Willmore torus in S n or not. Note that if this is true, then Willmore conjecture follows directly. The unstability of the Ejiri torus shown in this paper supports this conjecture partially. To be concrete, we construct a family of tori in S 7 containing the Ejiri torus, showing that the Ejiri torus is unstable. Similarly, we show that all Willmore tori derived by tensor product are unstable, when the co-dimension is big enough. Moreover, we also find a family of homogeneous tori in S 5 which contains the Ejiri torus and the Ejiri torus attains the maximal Willmore energy among them, which also shows the un-stability of the Ejiri torus.
Noticing that the Willmore functional of Ejiri torus is very small, it is natural have a conjecture as below, which is true for Willmore tori of tensor product by Theorem 3.3:
then either y is conformally equivalent to the Clifford torus with W (y) = 2π 2 , or y is conformally equivalent to the Ejiri torus with W (y) = 2π 2 √ 3.
Note that 2π 2 √ 3 ≈ 10.88π is between 10π and 12π. So one can derive by careful discussions that it is not possible to derive minimal torus in R n with planer ends and with Willmore functional low than 2π 2 √ 3. In fact for a minimal torus in R n with planer ends to have total curvature ≥ −12π, it has to have at most two ends. Then it has to be located in some R 4 and has two ends. It is not possible to write down a Weierstrass representation via elliptic functions on a torus (See for example [2] and [7] for similar discussions).
We remark also that in [10] , they constructed a CP 3 −family Willmore tori in S 4 with Willmore functional 2π 2 n. Here n is the largest number of the Pythagorean triples (p, q, n) ∈ Z 3 .
The value distribution of Willmore two-spheres in S 4 has been proved to be 4πn in [2, 22] , n ∈ Z + . While the study of value distribution of Willmore tori are still very few. We hope this will induce more works on this direction.
We notice that in the construction of variations for the unstability of Willmore tori of tensor product, one can keep the conformal structure invariant. So such surfaces are in fact unstable under the variation with constraint. It is therefore natural to consider constrained Willmore surfaces of tensor product. For such surfaces, we obtain the similar results as Willmore tori of tensor product.
The paper is organized as follows. We will first recall the basic facts of surfaces in S n in Section 2 and then provide the proof in Section 3. Then we classify all constrained Willmore surfaces of tensor product in Section 4, which generalizes the result of Li and Vrancken [18] . Section 5 ends this paper by showing the un-stability of the Ejiri torus in S 5 .
Willmore surfaces in S n
The projective lightlike cone model of S n maps a point x ∈ S n into the projective lightlike cone Q n ⊂ RP n+1 with Q n = {[X]|X = (1, x) ∈ R n+2 , x ∈ S n }. Here X is contained in the light cone C n+1 of R n+2 equipped with a Lorenzian metric Y, Y = −y 2 0 + y 2 1 + · · · + y 2 n for Y = (y 0 , y 1 , · · · , y n ), which we will denote by R 
called a canonical lift with respect to z. Moreover, there is a natural decomposition
is a Lorentzian rank-4 subbundle independent to the choice of Y and z. Denoted by
Since Y zz is orthogonal to Y , Y z and Yz, there exists a local complex function s and a local section κ ∈ Γ(V ⊥ C ) such that
This defines two basic invariants κ and c, the conformal Hopf differential and the Schwarzian of y (for more details, see [3] ). Let D denote normal connection of V ⊥ C and ψ ∈ Γ(V ⊥ C ) be a section of V ⊥ C , the structure equations are as follows:
with the following integrable conditions (the conformal Gauss, Codazzi and Ricci equations):
We define the Willmore functional and Willmore surfaces as below:
Definition 2.1. The Willmore functional of y : M → S n is defined as the area of M with respect to the metric above:
We call y a Willmore surface, if it is a critical surface of the Willmore functional with respect to any variation of the map y : M → S n .
Denote by H and K the mean curvature and Gauss curvature of y in S n . Then it is direct to verify that 
Surfaces of tensor product and the Ejiri torus
In [18] , a full description of Willmore surfaces of tensor product has been provided by the moving frame methods of surfaces in S n and the discussions of solution to special elastic curve equation. In this section, we will first recall the properties of surfaces of tensor product and then characterize the Ejiri torus in [8] as the Willmore torus with lowest Willmore functional 2π 2 √ 3 among all tori of tensor product.
Surfaces of tensor product
To begin with, let us collect some basic descriptions of surfaces of tensor product. Let γ(s) : S 1 (L) → S n be a closed curve with Frenet frame {γ, β i , 0 ≤ i ≤ n − 1} as follows:
where γ,
Recall that the tensor product of x ∈ R n andx ∈ R m is of the form ( [4] , [18] )
It is direct to derive this lemma ( [18] )
So we obtain a torus via the tensor product
We also have that
is a canonical lift of y into R (n+1)(m+1)+1 1 with respect to the complex coordinate z = s + iŝ. So
And from the structure equations we have that
and
We need the following lemma, which can be found in the discussions above Theorem 3.1 on page 146 of [17] (See also [15, 16] for more discussions). For the reader's convenience, we give a proof as below.
And the equality holds if and only if γ is a circle in S 2 with curvature
Proof. It is direct to see
and equality holds if and only if γ is a convex closed curve contained in a 2-dimensional plane of R n+1 . For the equality case, γ is the intersection of a 2-dimensional plane and S n (1), hence k = constant. Moreover, we also have 
The Ejiri torus
From the proof we obtain that Corollary 3.4. Let y = γ ⊗γ be a torus of tensor product withγ(ŝ) = (cosŝ, sinŝ). Then
with the equality holding if and only if y is the Ejiri's torus (3.8).
Remark 3.5. Note that when k 1 ≡ 0, the image of y is exactly a double cover of the classical Clifford torus, and hence its Willmore functional W (y) = 4π 2 . Below we see a family tori of tensor product, with the double cover of the classical Clifford torus as the one with highest Willmore functional and the limiting surface provides the classical Clifford torus. We also remark that for any torus y of tensor product, W (y) > 2π 2 (Proposition 3.12).
Example 3.6. Let 0 < a ≤ 1 and a 2 + b 2 = 1, b ≥ 0. Set
We see that for all a ∈ (0, 1], y a is a flat torus in some S 7 (a) ⊂ S 8 . Moreover, when a = 1, y a is a double cover of the classical Clifford torus in some S 3 (1) ⊂ S 8 , and when a → 0, by some scaling, y a tends to the clifford torus (cos s, sin s, cosŝ, sinŝ). Concerning the Willmore functional of y a , by (4.3), we have that
Example 3.7. From Theorem 3.3, it is natural to conjecture that Ejiri's torus is a stable Willmore torus in S n . However, the following examples show that this is not true when n ≥ 7. Let 0 < a ≤ 1 and a 2 + b 2 = 1, b ≥ 0. Set
We see that for all a ∈ (0, 1],ỹ a is a flat torus in some S 7 (r) ⊂ S 8 , r = 1 − Later in Section 5 we will see that the Ejiri torus is unstable in S 5 .
Unstability of torus of tensor product
The one parameter family of tori deriving the unstability of the Ejiri torus can be deformed easily to show that all tori of tensor product are unstable.
Example 3.9. Let y 1 = γ(s) ⊗γ(ŝ) be a torus of tensor product as before. Let 0 < a ≤ 1 and
Then it is direct to derive that the curvature k 1,a (θ) of γ a (θ) is 
So ignoring the co-dimensional restriction, we obtain the following So we have that
So we have W (y a ) ≤ W (y) for all a ∈ (0, 1] and W (y a ) ≤ W (y) if and only if a = 1. This indicates that all Willmore tori of tensor product are unstable in S 9 since by Theorem 1 of [18] , such surfaces must be in some S 7 .
We end this section by a bit more discussion on the values of Willmore functional for tori of tensor product. From Example 3.6, we see that there exists a family tori of tensor product with their Willmore functional tending to 2π 2 . The following proposition shows that 2π 2 is exactly the infimum of the Willmore functional for tori of tensor product. Note that it is also a corollary of a theorem of Chen [5] , which states that for a closed flat surface x in R n , its Willmore functional W (x) ≥ 2π 2 , with equality holding when x is the standard Clifford torus (See also [6] , [13] for a proof).
Proposition 3.12. Let y = γ ⊗γ be a torus of tensor product. Then W (y) > 2π 2 .
Proof. By (4.3) and Fenchel Theorem, we have that
Constrained Willmore surfaces of tensor product
This section provides all constrained Willmore surfaces of tensor product, which is a generalization of Theorem 1.1 of [18] . Applying to Willmore surfaces, we re-obtain Theorem 1.1 of [18] , from the version of conformal geometry, which also indicates that the Ejiri torus is a Willmore torus [8] .
We recall that an immersion from a Riemann surface M into S n is called a constrained Willmore surface if it is critical surface of Willmore functional under all variations fixing the conformal structure of M [1] , [3] . It is known that a surface y is constrained Willmore if and only if there exists some holomorphic function q such that the Hopf differential κ and the Schwarzian c satisfy the following equation ( [1] , [3] )
We retain the notations in Section 2 for a torus y of tensor product. To begin with, set
It is easy to see that they provide an orthogonal basis of the conformal normal bundle of Y . By this framing, we have that from (3.4)
Direct computations show that
From this and (4.4) we see that
Since κ, G 11 = 0, for any holomorphic function q, we have
The constrained Willmore equation Dzz +c 2 κ = Re(qκ) then forces
Without lose of generality, assume thatk 1 = 0, that is,γ is a great circle. Now we obtain
Then the constrained Willmore equation Dzz +c 2 κ = Re(qκ) now reads
Since q is holomorphic and Im(q) = 0, q is a constant real number. Set q = q 1 ∈ R. We obtain
In a sum, we have proved the following theorem.
Theorem 4.1. The tensor product surface y = γ ⊗γ is a constrained Willmore surface if and only if one of γ andγ is the great circle S 1 , say, for example,γ = S 1 , and the other one, say, γ, is a curve in some S 3 (1) satisfying the following equations
Here a 0 ∈ R is a constant. Moreover, y is Willmore if and only if a 0 = 1.
Note that (4.8) is exactly the special case λ = a 0 and G = 0 in (1.3) of [15] . We refer to Section 2 of [15] and Section 3-5 of [18] for more discussions on the solutions to (4.8) and corresponding constrained Willmore surfaces. We also refer to [12] for another kind of relationships between constrained Willmore surfaces and elastic curves.
It is easy to see that in this case k 1 and k 2 being constant yields all homogeneous constrained Willmore surfaces of tensor product. So we obtain Corollary 4.2. Let y = γ ⊗γ be a homogeneous constrained Willmore surface of tensor product. Setγ = (cosŝ, sinŝ) . Then γ is of the form
This corollary indicates that not all homogeneous tori of tensor product are constrained Willmore surfaces.
Concerning the stability of constrained Willmore surface of tensor product, noticing in Example 3.9 the conformal structure of tori are in fact invariant under the variation, we have the following Theorem 4.3. Let y = γ ⊗γ be a constrained Willmore torus of tensor product. Then it is unstable.
Remark 4.4. Some related results on the stability of constrained Willmore surface can be found in [14, 23] .
In the end, let us go back to Willmore surfaces. Setting q 1 = 0 in (4.8), we re-obtain the theorem due to Li and Vrancken in [18] Theorem 4.5. [18] The tensor product surface y = γ ⊗γ is a Willmore surface if and only if one of γ andγ is the great circle S 1 , say, for example,γ = S 1 , and the other one, say, γ, is a curve in some S 3 satisfying the following equations
(4.10)
Note that the above equations are exactly the equations of free elastic curves in the hyperbolic space H 3 (−1) [15, 16, 18] .
Unstability of the Ejiri torus
Let y θ (s,ŝ) = (a 1 cos(s +ŝ), a 1 sin(s +ŝ), a 2 cos(s −ŝ), a 2 sin(s −ŝ), a 3 cosŝ, a 3 sinŝ) (5.1) with a 1 = 1 3 cos θ, a 2 = 1 3 sin θ, and a 3 = 2 3 .
Then y θ , with θ ∈ [0, gives the Ejiri torus (up to an isometry of S 5 ). We will show that the Ejiri torus is unstable by computation of the Willmore functional of y θ . We compute now It is direct to see that z = φ + iϕ is a complex coordinate of y θ since |y θ,φ | 2 = 1, |y θ,ϕ | 2 = a 
